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 Integrals-tasks   (I  part) 

 

 

If f (x) is continuous function and  F `(x) = f(x) then ( ) ( )f x dx F x C= +∫ , where C  is an arbitrary constant. 

 

You need to learn table of  basic integrals: 
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1

2

1.   

2.   
2

3.       the most widely used...
1

1
4.   ln        or         ln

5.   
ln

6.   

7.   sin cos

8.   cos sin
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9.   
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n
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x
x

x x

dx x C
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x
x dx C

n

dx
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+
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∫
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cos

    or1 1 1
11.                        

1

arcsin     or1 1
12.                    arcsin

1

dx ctgx C
x

dx tgx C
x

arctgx C x
dx dx arctg C

arcctgx Cx a x a a

x C x
dx dx C
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= − +

= +

+
= = +
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+
= = +
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∫

∫ ∫

∫ ∫

 

 

These are the basic tablet integrals.Some professors allow you to use as a tablet: 

 

 

2 2 2 2 2

2 2 2

2 2 2

1 1 1 1
13.   ln              ln      or        ln

1 2 1 2 2

14.   ln 1                     ln   
1

dx x dx a x dx x a
C C C

x x a x a a x x a a x a

dx dx
x x C x x a C

x x a

+ + −
= + = + = +

− − − − − +

= + ± + = + ± +
± ±

∫ ∫ ∫

∫ ∫
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Examples: 

1.   
5 1 6

5

5 1 6

x x
x dx C C

+

= + = +
+∫       as the 3rd  tablet  

1

1

n
n x
x dx C

n

+

= +
+∫  

 

2.  
7

7
ln 7

x
xdx C= +∫       the  5th   tablet 

ln

x
x a
a dx C

a
= +∫  

 

3.  xdx =∫  look and see that this integral it is not in the table of basic integrals ... The idea is that in these 

 

integrals used rule for exponentiation 
1

2,   or  
n

m n mx x x x= = . In this way the integral is reduced to the most used: 

1

1

n
n x
x dx C

n

+

= +
+∫ . 

 

So:   
1 3 3

1
1 2 2 2
2

2

1 3 3
1

2 2

x x x
xdx x dx C C C

+

= = + = + = +
+

∫ ∫  

 

4.   
12

1
dx

x
=∫  for him, we'll use the rule for exponentiation  

1 n

n
x

x

−= ... 

 

      
12 1 11

12

12 11

1 1

12 1 11 11

x x
dx x dx C C C

x x

− + −
−= = + = + = +

− + − −∫ ∫  

 

 

 

It is best to remind you of all the rules for exponentiation and  root: 

 

 

 

            1) 10 =a   

 2) 
n

n

a
a

1
=−   

 3) 
nmnm aaa +=⋅       

 4) 
nmnm aaa −=:              

 5) nmnm aa ⋅=)(         

 6) nn baba ⋅=⋅ )(      

 7) 
n
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b

a

b

a
=








          

 8) 
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a

b

b

a







=







−
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            1) n

m

n m aa =  

 2) nnn baba ⋅=⋅  

            3) nnn baba :: =  

 4) ( ) n m
m

n aa =  

 5) mnn m aa ⋅=  

 6) 
m p
a

n p
n ma=  

 

Continue with examples ... 

 

5.   3x xdx⋅ =∫  Use rules for  root and exponentiation  to "prepare" function: 

1 1 4
1

13 3 3 3

4 7 7
1

4 3 3 3
3 3

3

4 7 7
1

3 3

x x x x x x

x x x
x xdx x dx C C C

+

+

⋅ = ⋅ = =

⋅ = = + = + = +
+

∫ ∫
 

 

6.     

5

1 5 3
5 3 5

53 3
ln

3

x

x

x x x

x
dx dx dx C−

 
    ⋅ = ⋅ = = +    
 
 

∫ ∫ ∫  

 

7.     

    
7

82 3 4 3 74 4 8

?

As is :   

x x x dx

x x x x x x x x x x x x

=

= ⋅ = = ⋅ = =

∫
 

 

     

7 15 15
1

7 8 8 8
8

8

7 15 15
1

8 8

x x x
x dx C C C

+

= + = + = +
+

∫  

 

 

To get acquainted with the basic properties of  integrals: 

 

1) ( )( ) ( )    where A is a constant numberA f x dx A f x dx⋅ = ⋅∫ ∫  

 

 

So, much like derivates , constant (number) is going out in front of the integral … 
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Examples: 
 

8.     

   
3

3 3

4 ?

4 4 4

x dx

x dx x dx

=

= =

∫

∫ ∫
4

4

x 4C x C+ = +
 

 

9.  

     

 

1
?

4

1 1 1 1
ln

4 4 4

dx
x

dx dx x C
x x

=

= ⋅ = ⋅ +

∫

∫ ∫
 

 

10.   

 

 
2 sin ?

2 sin 2 sin 2 ( cos ) 2 cos

xdx

xdx xdx x C x C

π

π π π π

=

= ⋅ = ⋅ − + = − +

∫
∫ ∫

 

 

 

2)   [ ( ) ( )] ( ) ( )f x g x dx f x dx g x dx± = ±∫ ∫ ∫  

 

 

 

11.  
2

2 2

2

3 2 3
2

(4 2 3) ?

(4 2 3) 4 2 3

                            4 2 3

                            4   + 2  3 4   + 3
3 2 3

x x dx

x x dx x dx xdx dx

x dx xdx dx

x x x
x C x x C

+ − =

+ − = + −

= + −

= − + = − +

∫
∫ ∫ ∫ ∫

∫ ∫ ∫  

 

12.  

3

2

3 3

2 2

1 4 23
(5cos 2 2 5 ) ?

3 sin

1 4 23 1 1
(5cos 2 2 5 ) 5 cos 2 4 23 2 5

3 sin 3 sin

1
                                                                   5 sin

3

x x

x x x x

x e x dx
x x

dx
x e x dx xdx e dx x dx dx dx

x x x x

x

+ − + − + ⋅ =

+ − + − + ⋅ = + − + − + ⋅ =

= +

∫

∫ ∫ ∫ ∫ ∫ ∫ ∫
4 5

2 4ln 23( ) 2
4 ln 5

x
x x
e x ctgx C− + − − + +
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13.  

 

3

2
?

x
dx

x

−
=∫  

 

In this and similar integrals we use :       
A B A B

C C C

±
= ±  

 

2 3 2 3

3 3 3

2 1 3 1

2 2
( ) ( 2 ) 2

                                                                       =   2
2 1 3 1

                                                      

x x
dx dx x x dx x dx x dx

x x x

x x
C

− − − −

− + − +

−
= − = − = −

− +
− + − +

∫ ∫ ∫ ∫ ∫

2

1 1
               C

x x
= − + +

 

 

 

14.  

 
1 12 5

?
10

x x

x
dx

+ −−
=∫  

 

function we must first "pack": 

1
1 1 11 1

5 5
2 2

2 5 2 2 2 1 5 1 1 15 5 2 2
10 10 10 10 10 5 10 5 5 2

x x
x

x x x xx x x

x x x x

+ − ⋅ −− ⋅        = = − = ⋅ − ⋅ = ⋅ − ⋅       
       

 

 
1 12 5 1 1 1 1 1 1

[2 ] 2
10 5 5 2 5 5 2

1 1

1 1 1 15 2
2 2

1 15 5 2 5
ln ln
5 2

x x x xx x

x

x x

x x

dx dx dx dx

dx dx C

+ −−        = ⋅ − ⋅ = ⋅ − ⋅ =       
       

   
          = ⋅ − ⋅ = ⋅ − +   

   

∫ ∫ ∫ ∫

∫ ∫

 

 

15. 

 
2

2
?

1

x
dx

x
=

+∫      This is the type of integrals that we easiest  solve with  small ''trick'' (add 1 and subtract 1) 

2 2 2 2

2 2 2 2

1 1 1 1 1

1 1 1 1

x x x x
dx dx dx dx

x x x x

+ − + +
= = − =

+ + + +∫ ∫ ∫ ∫ 2 1x +
2

2

1

1

1

1

dx dx
x

dx dx x arctgx C
x

−
+

= − = − +
+

∫ ∫

∫ ∫
 

 

 

And here we will need knowledge of trigonometry. To remind ourselves of some of the most important formula:    
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Basic trigonometric identity 

 

1) 1cossin 22 =+ αα  

2) 
α
α

α
cos

sin
=tg  

3) 
α
α

α
sin

cos
=ctg  

 

4) 1=⋅ αα ctgtg  

 

  Formulas for addition and subtraction 

 

 

sin( ) sin cos cos sin

cos( ) cos cos sin sin

( )
1

1
( )

tg tg
tg

tg tg

ctg ctg
ctg

ctg ctg

α β α β α β
α β α β α β

α β
α β

α β
α β

α β
β α

+ = +

+ = −

+
+ =

− ⋅

⋅ −
+ =

+

                   

αβ
βα

βα

βα
βα

βα

βαβαβα
βαβαβα

ctgctg

ctgctg
ctg

tgtg

tgtg
tg

−
+⋅

=−

⋅+
−

=−

+=−

−=−

1
)(

1
)(

sinsincoscos)cos(

sincoscossin)sin(

 

Half angle 

1. 
2

cos1

2
sin

αα −
±=      or      2 2 1 cos 2

2sin 1 cos     sin
2 2

x
x

α
α

−
= − →→→ =       

2. 
2

cos1

2
cos

αα +
±=      or      2 2 1 cos 2

2cos 1 cos    cos
2 2

x
x

α
α

+
= + →→→ =  

3. 
α
αα

cos1

cos1

2 +
−

±=tg  

4. 
α
αα

cos1

cos1

2 −
+

±=ctg  

 

Transformation of the sum in product                                                Double angle 

1. 
2

cos
2

sin2sinsin
βαβα

βα
−+

=+                                                      1. ααα cossin22sin =  

2. 
2

sin
2

cos2sinsin
βαβα

βα
−+

=−                                                      2. ααα 22 sincos2cos −=  

3.  
2

cos
2

cos2coscos
βαβα

βα
−+

=+                                                    3.
α
α

α
21

2
2

tg

tg
tg

−
=  

4. 
2

sin
2

sin2coscos
βαβα

βα
−+

−=−                                                    4.  
α

α
α

ctg

ctg
ctg

2

1
2

2 −
=  

5. 
βα
βα

βα
coscos

)sin( ±
=± tgtg  

6. 
βα
βα

βα
sinsin

)sin( ±
=± ctgctg                                                                                          
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16. 

 

2 2

2 2

2 2

2 2 2 2

2 2

2 2 2 2

2

cos 2
?         we need a formula :   cos 2 cos sin

sin cos

cos 2 cos sin
   

sin cos sin cos

cos sin

sin cos sin cos

cos

x
dx x x x

x x

x x x
dx dx

x x x x

x x
dx dx

x x x x

x

= = −
⋅

−
= =

⋅ ⋅

− =
⋅ ⋅

∫

∫ ∫

∫ ∫

2 2sin cosx x⋅

2sin x
dx −∫ 2sin x 2

2 2

 
cos

1 1

sin cos

dx
x

dx dx ctgx tgx C
x x

=
⋅

− = − − +

∫

∫ ∫

 

 

 

 

17. 

 

2 2

2 2

2 2

2 2 2 2 2 2

2 2

2 2 2 2

2

?     we need a formula  sin cos 1
sin cos

1 1 sin cos
 

sin cos sin cos sin cos

sin cos

sin cos sin cos

sin

dx
x x

x x

dx x x
dx dx

x x x x x x

x x
dx dx

x x x x

x

= + =
⋅
⋅ +

= = =
⋅ ⋅ ⋅

+ =
⋅ ⋅

∫

∫ ∫ ∫

∫ ∫

2sin x

2

2

cos

cos

x
dx
x

+
⋅

∫ 2 2sin cosx x⋅

2 2

 

1 1

cos sin

dx

dx dx tgx ctgx C
x x

=

− = + +

∫

∫ ∫

 

 

 

18. 

 

 
2

2
2 2 2 2 2

2

2 2

2 2 2

?

sin
Here we use:  

cos

sin
   sin cos 1 sin 1 cos ,

cos

1 cos 1 cos
             =

cos cos cos

tg xdx

x
tgx

x

x
tg xdx dx as is then

x

dx dx
x x x

α α α α

α α

=

=

= = + = → = −

−
= −

∫

∫ ∫

∫ ∫ 2

1

cos
dx dx dx tgx x C

x
= − = − +∫ ∫ ∫
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19. 

 
218 2

?
3 1

x
dx

x

−
=

−∫  

 

Try to arrange function, if not, we must use some other trick (second method) .. 
2 2 2 (3 1)18 2 2(9 1)

3 1 3 1

xx x

x x

−− −
= =

− −

(3 1)

3 1

x

x

+

−
2(3 1) 6 2x x= + = +       Now is easier… 

 
2 2

218 2
(6 2) 6 2 6 2 3 2

3 1 2

x x
dx x dx xdx dx x C x x C

x

−
= + = + = + + = + +

−∫ ∫ ∫ ∫  

 

 

20. 

 

2 2

4
?

2

(2 ) (2 )4 2 ( ) (2 )(2 )

2 2 2

x
dx
x

x xx x x x

x x x

−
=

+

− +− − − +
= = =

+ + +

∫

2 x+

1

2

3 3
1 1 2 2
2 2

2 2

4 2
(2 ) 2 2 2

3 32

2

x x

x x x
dx x dx dx x dx x C x C
x

= − = −

−
= − = − = − + = − +

+∫ ∫ ∫ ∫

 

 

 

 


